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Abstract

Turbulent forced convection heat transfer in a circular tube with a nanofluid consisting of water and 1 vol.% Cu is studied numer-
ically. Two phase mixture model has been implemented for the first time to study such a flow field. A single phase model formulation,
which has been used frequently in the past for heat transfer with nanofluids, is also used for comparison with the mixture model. The
comparison of calculated results with experimental values shows that the mixture model is more precise than the single phase model. The
axial evolution of the flow field and fully developed velocity profiles at different Reynolds numbers are also presented and discussed.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Low thermal conductivity of conventional heat transfer
fluids such as water, oil, and ethylene glycol mixture is a
serious limitation in improving the performance and com-
pactness of many engineering equipments such as heat
exchangers and electronic devices. To overcome this disad-
vantage, there is strong motivation to develop advanced
heat transfer fluids with substantially higher conductivity.

An innovative way of improving the thermal conductiv-
ities of fluids is to suspend small solid particles in the fluid.
Various types of powders such as metallic, non-metallic
and polymeric particles can be added into fluids to form
slurries. The thermal conductivities of fluids with sus-
pended particles are expected to be higher than that of
common fluids (Mansoori et al., 2002). An industrial appli-
cation test was carried out by Liu et al. (1988) and the
effects of flow rates on the slurry pressure drop and heat
transfer behavior was investigated. In conventional cases
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the suspended particles are of lm or even mm dimensions.
However, such large particles may cause severe problems
such as abrasion and clogging. Therefore, fluids with sus-
pended large particles have little practical application in
heat transfer enhancement.

Nanofluids are a new kind of heat transfer fluid contain-
ing a small quantity of nanosized particles (usually less
than 100 nm) that are uniformly and stably suspended in
a liquid. The dispersion of a small amount of solid nano-
particles in conventional fluids changes their thermal con-
ductivity remarkably. Compared to the existing
techniques for enhancing heat transfer, the nanofluids
show a superior potential for increasing heat transfer rates
in a variety of cases. Choi (1995) quantitatively analyzed
some potential benefits of nanofluids for augmenting heat
transfer and reducing size, weight and cost of thermal
apparatuses, while incurring little or no penalty in the pres-
sure drop.

Researchers have demonstrated that oxide ceramic
nanofluids consisting of CuO or Al2O3 nanoparticles in
water or ethylene glycol exhibit enhanced thermal conduc-
tivity (Lee et al., 1999). A maximum increase in thermal
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Nomenclature

a acceleration
Cf skin friction coefficient ð¼sw=0:5qV2

0Þ
Cp fluid specific heat (J kg�1 K�1)
D tube internal diameter (m)
g acceleration of gravity (m s�2)
I turbulent intensity
k turbulent kinetic energy (m2 s�2)
Pr Prandtl number (=lCp/k)
qw uniform heat flux at the solid–fluid interface

(W m�2)
r radial coordinate (m)
Re Reynolds number (=V0D/m)
T, t time–mean and fluctuating temperature (K)
V, v time–mean and fluctuating velocity (m s�1)
Z axial coordinate (m)

Greek letters

e dissipation of turbulent kinetic energy (m2 s�3)
U volume fraction
k thermal conductivity (W m�1 K�1)
l dynamic viscosity (N s m�2)

m kinematic viscosity (m2 s�1)
q density (kg m�3)

Subscripts

b buoyancy
c centerline
eff effective
f primary phase
k the kth phase
m mean
p particle, secondary phase
s solid
t turbulent
w wall
0 inlet condition
r radial direction
z axial direction
h tangential direction

Superscript

– mean
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conductivity of approximately 20% was observed in that
study, having 4 vol.%. CuO nanoparticles with mean diam-
eter 35 nm dispersed in ethylene glycol. A similar behavior
has been observed in Al2O3/water nanofluid. For example,
using Al2O3 particles having a mean diameter of 13 nm at
4.3% volume fraction increased the thermal conductivity of
water under stationary conditions by 30% (Masuda et al.,
1993). On the other hand, larger particles with an average
diameter of 40 nm led to an increase of less than 10% (Lee
et al., 1999). Furthermore, the effective thermal conductiv-
ity of metallic nanofluid increased by up to 40% for the
nanofluid consisting of ethylene glycol containing approx-
imately 0.3 vol.%. Cu nanoparticles of mean diameter less
than 10 nm (Choi, 1995). Recently, a multi-wall nanotube
in oil suspension (MWNT) yielded an extremely large
increase in thermal conductivity (up to a 150% over the
conductivity of oil) at approximately 1 vol.% nanotubes
(Choi et al., 2001). This is the highest thermal conductivity
enhancement ever achieved in a liquid.

Different concepts have been proposed to explain this
enhancement in heat transfer. Xuan and Li (2000) and
Xuan and Roetzel (2000) have identified two causes of
improved heat transfer by nanofluids: the increased ther-
mal dispersion due to the chaotic movement of nanoparti-
cles that accelerates energy exchanges in the fluid and the
enhanced thermal conductivity of nanofluids considered
by Choi (1995). On the other hand Keblinski et al. (2002)
have studied four possible mechanisms that contribute to
the increase in nanofluid heat transfer: Brownian motion
of the particles, molecular-level layering of the liquid/parti-
cle interface, heat transport in the nanoparticles and nano-
particles clustering. Similarly to Wang et al. (1999), they
showed that the effects of the interface layering of liquid
molecules and nanoparticles clustering could provide paths
for rapid heat transfer.

Numerous theoretical and experimental studies have
been conducted to determine the effective thermal conduc-
tivity of nanofluids. Most of these have been confined to
liquids containing micro and milli-sized suspended solid
particles. However, studies show that the measured thermal
conductivity of nanofluids is much larger than the theoret-
ical predictions (Choi et al., 2001). Many attempts have
been made to formulate efficient theoretical models for
the prediction of the effective thermal conductivity, but
there is still a serious lack in this domain (Xue, 2003; Xuan
et al., 2003).

As nanofluids are rather new, relatively few theoretical
and experimental studies have been reported on convective
heat transfer coefficients in confined flows. Pak and Cho
(1998), Li and Xuan (2002) and Xuan and Li (2000,
2003) obtained experimental results on convective heat
transfer for laminar and turbulent flow of a nanofluid
inside a tube. They produced the first empirical correlations
for the Nusselt number using nanofluids composed of
water and Cu, TiO2 and Al2O3 nanoparticles. The results
indicate a remarkable increase in heat transfer performance
over the base fluid for the same Reynolds number.

Convective heat transfer with nanofluids can be modeled
using the two phase or single phase approach. The first
provides the possibility of understanding the functions of
both the fluid phase and the solid particles in the heat
transfer process. The second assumes that the fluid phase
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and particles are in thermal equilibrium and move with the
same velocity. This approach is simpler and requires less
computational time. Thus it has been used in several theo-
retical studies of convective heat transfer with nanofluids
(Maige et al., 2004a,b; Roy et al., 2004; Khanfar et al.,
2003). However, due to the fact that the effective properties
of nanofluids are not known precisely, the numerical pre-
dictions of this approach are, in general, not in good agree-
ment with experimental results. Therefore, the concerns in
single phase modeling consist in selecting the proper effec-
tive properties for nanofluids and taking into account the
chaotic movement of ultra fine particles. To partially over-
come this difficulty, some researchers (for instance, Xuan
and Li, 2000; Xuan and Roetzel, 2000) have used the dis-
persion model which takes into account the improvement
of heat transfer due to the random movement of particles
in the main flow.

Due to several factors such as gravity, friction between
the fluid and solid particles and Brownian forces, the phe-
nomena of Brownian diffusion, sedimentation, and disper-
sion may coexist in the main flow of a nanofluid. This
means that the slip velocity between the fluid and particles
may not be zero (Xuan and Li, 2000), therefore it seems
that the two phase approach is better model to apply the
nanofluid.

The two phase approach is based on an assumption of
continuum phases. It provides a field description of the
dynamics of each phase (Eulerian–Eulerian or two fluid
model) or, alternatively, the Lagrangian trajectories of
individual particles coupled with the Eulerian description
of the fluid flow field (Fan and Zhu, 1998; Gidaspow,
1994). One of the foremost approaches in modeling two
phase slurry flow is mixture theory, also called the theory
of interacting continua (Ishii, 1975; Crowe et al., 1996;
Manninen et al., 1996; Xu et al., 2004). The popularity of
this latter approach in multiphase applications stems from
the fact that it is simple in both theory and implementation.
The required computations are relatively inexpensive. Fur-
thermore, it is straight-forward to introduce a turbulence
model into the mixture model, and most of all, it is reason-
ably accurate for a wide range of two phase flows.

In this paper, a two phase mixture model was applied to
study the turbulent forced convection flow of a nanofluid in
a uniformly heated tube. As far as we can ascertain, this is
the first time that this approach has been used to study heat
transfer involving nanofluids. The obtained results are
compared with corresponding predictions from the single
phase model.

2. Mathematical formulation and numerical procedure

2.1. Mixture model

The mixture model, based on a single fluid two phase
approach, is employed in the simulation by assuming that
the coupling between phases is strong, and particles closely
follow the flow. The two phases are assumed to be inter-
penetrating, meaning that each phase has its own velocity
vector field, and within any control volume there is a vol-
ume fraction of primary phase and also a volume fraction
of the secondary phase. Instead of utilizing the governing
equations of each separately, the continuity, momentum
and energy equations for the mixture are employed. A
nanofluid composed of water and Cu nanoparticles flowing
in a long tube with uniform heating at the wall boundary is
considered. Therefore, the dimensional equations for
steady state mean conditions are

Continuity

r � ðqmV mÞ ¼ 0 ð1Þ

Momentum

r � ðqmV mV mÞ ¼ � rpm þr � ½s� st� þ qmg

þr �
Xn

k¼1

UkqkV dr;kV dr;k

 !
ð2Þ

Energy

r � ðUkV kðqkhk þ pÞÞ ¼ r � ðkeffrT � CpqmvtÞ ð3Þ

Volume fraction

r � ðUpqpV mÞ ¼ �r � ðUpqpV dr;pÞ ð4Þ

qm is the mixture density

qm ¼
Xn

k¼1

Ukqk ð5Þ

where U is the volume fraction of phase k.

lm is the viscosity of the mixture that is obtained

lm ¼
Xn

k¼1

Uklk ð6Þ

In Eq. (2), Vdr,k is the drift velocity for the secondary phase
k, i.e. the nanoparticles in the present study.

V dr;k ¼ V k � V m ð7Þ
s ¼ lmrV m ð8Þ

st ¼ �
Xn

k¼1

Ukqkvkvk ð9Þ

The slip velocity (relative velocity) is defined as the velocity
of a secondary phase (p) relative to the velocity of the pri-
mary phase (f)

V pf ¼ V p � V f ð10Þ

The drift velocity is related to the relative velocity

V dr;p ¼ V pf �
Xn

k¼1

Ukqk

qm
V fk ð11Þ

The relative velocity is determined from Eq. (12) proposed
by Manninen et al. (1996) while Eq. (13) by Schiller and
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Naumann (1935) is used to calculate the drag function
fdrag.

V pf ¼
qpd2

p

18lf fdrag

ðqp � qmÞ
qp

a ð12Þ

fdrag ¼
1þ 0:15Re0:687

p Rep 6 1000

0:0183Rep Rep � 1000

(
ð13Þ

The acceleration (a) in Eq. (12) is

a ¼ g � ðV m � rÞV m ð14Þ

An effective solid viscosity model in terms of solid volume
fraction was obtained from the experimental work of Mill-
er and Gidaspow (1992)

ls ¼ �0:188þ 537:42U ð15Þ

Turbulence is modeled with the Launder and Spalding
(1972) k–e turbulence model for the mixture. It is expressed
by Eqs. (16) and (17)

r � ðqmV mkÞ ¼ r �
lt;m

rk
rk

� �
þ Gk;m � qme ð16Þ

r � ðqmV meÞ ¼ r �
lt;m

re
re

� �
þ e

k
ðC1Gk;m � C2qmeÞ ð17Þ

where

lt;m ¼ qmCl
k2

e
; Gk;m ¼ lt;mðrV m þ ðrV mÞTÞ

C1 ¼ 1:44; C2 ¼ 1:92; Cl ¼ 0:09; rk ¼ 1; re ¼ 1:3

ð18Þ

The above governing equations are presented in cylindrical
coordinates (R,h,Z).

2.2. Single phase model

The single phase model, which has been used frequently
for nanofluids, is also implemented to compare its predic-
tions with the mixture model. The following equations rep-
resent the mathematical formulation of the single phase
model for the governing equations and the turbulence
modeling:

Continuity

r � ðqmV Þ ¼ 0 ð19Þ
Momentum

r � ðqmVV Þ ¼ �rp þr � ½s� st� þ qmg ð20Þ
Energy

r � ðqmVCpT Þ ¼ r � ðkeffrT � CpqmvtÞ ð21Þ
where

Cpm ¼
Xn

k¼1

UkCpk and keff ¼
Xn

k¼1

Ukkk ð22Þ
Launder and Spalding (1972) k–e turbulence model is
used for the turbulence modeling. It is expressed by the fol-
lowing two equations:

r � ðqmVkÞ ¼ r �
lt;m

rk
rk

� �
þ Gm � qme ð23Þ

r � ðqmV eÞ ¼ r �
lt;m

re
re

� �
þ e

k
ðC1Gm � C2qmeÞ ð24Þ

The values of the constants are given in Eq. (18).

2.3. Boundary condition

The boundary conditions are expressed as follows:

• At the tube entrance (Z = 0):

V z ¼ V 0; V h ¼ V r ¼ 0 T ¼ T 0 I ¼ I0 ð25aÞ
Since the adopted model incorporates the assumption of
turbulence isotropy, the corresponding turbulent kinetic
energy is

k0 ¼ 1:5ðI0V 0Þ2 ð25bÞ
• At the tube outlet (Z = L):

Zero diffusion flux in the axial direction with an overall
mass balance correction

• At the fluid wall interface (r = D/2):

V r ¼ V h ¼ V Z ¼ 0; k ¼ e ¼ 0; qw ¼ �keff

oT
or

ð26Þ
2.4. Numerical procedure

This set of coupled non-linear differential equations was
discretized with the control volume technique. For the con-
vective and diffusive terms the second order upwind
method was used while the SIMPLE procedure was intro-
duced for the velocity–pressure coupling. The discretiza-
tion grid is uniform in the circumferential direction and
non-uniform in the other two directions. It is finer near
the tube entrance and near the wall where the velocity
and temperature gradients are significant.

3. Validation and results

Several different grid distributions have been tested to
ensure that the calculated results are grid independent.
The selected grid consists of 160, 32 and 64 nodes in the
axial, radial and circumferential directions, respectively.
Fig. 1 shows the comparison of the velocity and tempera-
ture profiles for three different grid distributions. It is
shown that the velocity and temperature profiles are inde-
pendent of the number of grid points.

Two experimental results reported in the literature were
used to validate the numerical procedure. In the first step,
experimental measurements of gas–solid flow were consid-
ered to validate the numerical results obtained with the
mixture model. Then experimental results for a nanofluid
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were used to show the ability of the mixture model to pre-
dict the flow field of the nanofluids.

Fig. 2 shows the comparison of the experimental local
heat transfer coefficient of a gas–solid flow (Depew and
Farbar, 1963) with the numerical results for a particle
diameter of 30 lm. The predicted axial evolution of the
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Fig. 2. Comparison of measured local heat transfer coefficients for a gas–
solid two phase flow with calculated results using the two phase mixture
model.
heat transfer coefficient using mixture model approach
shows good agreement with the experimental results.

In order to show the validity of the mixture model and
the numerical solution to predict heat transfer with a nano-
fluid the experimental works by Xuan and Li (2003) were
chosen. The nanofluid consists of water and Cu with a
volume fraction of 1.0%. Fig. 3 shows that the predicted
Nusselt number is in good agreement with the experimental
results for several different Reynolds number. This con-
firms the ability of the mixture model to predict nanofluid
hydrodynamic and thermal fields. Furthermore, the calcu-
lated results for the same nanofluid based on the single
phase and homogeneous flow are also illustrated in
Fig. 3. The disagreement between the single phase predic-
tions and the experimental results is considerably higher
than the corresponding one for the mixture model. There-
fore the mixture model predicts the experimental results
more accurately than the single phase model (homoge-
neous model). Finally the experimental results of Fig. 3
clearly illustrate the heat transfer enhancement obtained
by adding 1% nanoparticles (Cu) to water since the Nusselt
number increases by more than 15%.

Results in the following paragraphs illustrate the effect
of the Reynolds number on the turbulent forced convection
flow characteristics of a nanofluid consisting of water and
one percent volume fraction Cu with 42 nm mean diameter.
The axial evolution of different hydrodynamics parameters
as well as the fully developed velocity and particle concen-
tration profiles are presented and discussed.

Fig. 4a shows the axial evolution of the non-dimensional
turbulent kinetic energy at the tube centerline. These results
clearly suggest the existence of a fully developed region for
Z/D > 50. In the entrance region, the low inlet turbulent
intensity remains constant for a short distance and then
increases rapidly at 10 < Z/D < 20. To understand this
behavior we must note that turbulence is generated in the
growing boundary layer and diffuses towards the center-
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line. The position of the sudden turbulent kinetic energy
increase in Fig. 4a corresponds to the position for which
the diffusing turbulence reaches the tube centerline. As
the Reynolds number increases, this position moves further
downstream because the increasing axial momentum trans-
ports the generated turbulence in the flow direction. It is
interesting to note that the maximum and fully developed
values of the non-dimensional turbulent kinetic energy
decrease as the Reynolds number increases. This is due to
the fact that the corresponding velocity profiles become
more uniform as Re increases (cf. discussion of Fig. 7a)
and therefore turbulence generation near the tube axis
decreases (cf. term G? in Eq. (16)). However, the detailed
analysis of the results shows that the dimensional turbulent
kinetic energy increases with increasing Re since V0

increases.
Fig. 4b shows the axial evolution of kc for the nanofluid

flow as well as for pure water flow. Qualitatively the results
are very similar. However, the nanofluid flow exhibits
lower values of turbulent kinetic energy, which means that
the solid particles absorbed some of the energy of the veloc-
ity fluctuations. Predictions with higher values of U con-
firmed this behavior. Thus higher values of the particle
concentrations result in a lower value for kc in the fully
developed region (for example kc = 0.00767 m2/s2 for
U = 2% while it is 0.008 m2/s2 for U = 1%). In Fig. 4b since
the concentration in the base fluid is low the amount of the
absorbed energy is also low. Therefore, the difference
between these two curves is small.

In order to be sure that this variation of kc along the
tube length is not due to the low value of the imposed tur-
bulent intensity at the tube inlet (I0 = 0.1%), a high value of
turbulent intensity at the tube inlet (I0 = 10%) was also
considered. Fig. 5 shows the effect of the inlet turbulent
intensity on the axial evolution of the centerline turbulent
kinetic energy. The inlet condition has an effect which is
limited to a few diameters downstream of the inlet. Down-
stream from Z/D � 15 the two curves show the same qual-
itative and quantitative behavior, particularly in the fully
developed region.

The axial evolution of the velocity along the tube center-
line is shown in Fig. 6a. Immediately after the tube inlet the
boundary layer growth pushes the fluid towards the center-
line region. This causes an increase of the centerline velocity
up to approximately the position where kc starts increasing
(cf. Fig. 4a). Beyond this point, the higher turbulent kinetic
energy results in a more uniform velocity profile and, there-
fore, the velocity at the centerline decreases in order to
respect the continuity equation. These results confirm the
existence of a fully developed region where the non-dimen-
sional centerline velocity decreases as the Reynolds number
increases (similarly to kc, cf. Fig. 4a). The comparison with
pure water flow is shown in Fig. 6b. It shows that the effect
of the nanoparticles is not significant on the mean axial
velocity and the general behavior is the same.

Fully developed velocity profiles are shown in Fig. 7. As
expected, a higher Reynolds number results in a more uni-
form velocity profile.
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The radial variation of the particle concentration is
shown in Fig. 8. It is uniform and constant for all Reynolds
numbers except for the highest one. The constant value all
along the tube diameter confirms that the distribution of
the particles suspended in the fluid is completely uniform.
Up to date all the numerical studies of nanofluid flow have
been performed based on the assumption of uniform distri-
bution of the nanoparticles in the base flow (see, for
instance, Maige et al., 2004a,b). However, for the highest
Reynolds number (Re = 22,540) this hypothesis is not com-
pletely valid according to the present results (qualitatively,
since the equation for drift velocity was developed for lm
and mm particles). Which means that for the high values
of the ReU�1, the hypothesis of the uniform particles distri-
bution which is implicitly included in single phase models
may fail, and consequently the calculation results based
on this hypothesis may not be correct.

The axial evolution of the local frictional coefficient is
shown in Fig. 9a. Again the presence of the fully developed
region is evident. As expected, the frictional coefficient
decreases as the Reynolds number increases. Fig. 9b illus-
trates the axial evolution of this coefficient for a nanofluid
and pure water flow (U = 0). It shows that the nanoparti-
cles do not have a significant effect on its value. This obser-
vation is also confirmed by the experimental results of
Xuan and Li (2003).

Fig. 10 shows the evolution of the local Nusselt number
along the tube length. It decreases, immediately after the
tube inlet, and goes to a minimum value where the differ-
ence between the wall temperature and the bulk tempera-
ture are maximized. It goes to its asymptotic values at
the fully developed region where the wall temperature
and the bulk temperature are parallel. Increasing the parti-
cle concentration causes to increase the Nusselt number
and thus the convection heat transfer coefficient.

4. Conclusion

Turbulent forced convection heat transfer in a circular
tube with a nanofluid consisting of water and 1% Cu was
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(b) comparison for pure water and nanofluid.
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studied numerically by using, for the first time, the two
phase mixture model. The single phase model, which
has been used frequently in previous studies of convec-
tion with nanofluids was also used for comparison with
the mixture model. Comparisons of the Nusselt number
predicted by these two models with corresponding exper-
imental results show that the mixture model is more
accurate than the single phase model. However, it seems
that the accuracy of mixture model could improve by
using suitable effective physical properties for nanofluid
instead of volume weighted average of particle and fluid
properties. Adding 1% nanoparticles (Cu), increases the
Nusselt number more than 15% while it does not have
any significant effect on the skin friction. It is shown that
the particles concentration at high values of ReU�1 may
not be uniform. Comparisons of heat transfer results for
the nanofluid with those for the base fluid show that the
particles can absorb the velocity fluctuation energy and
reduce the turbulent kinetic energy.
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